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Introduction

Fluid anisotropy is found all across biology, from biofluids like
mucus to swarms of active bacteria. A model fluid used to inves-
tigate such enviroments is a nematic liquid crystal (LC). Large
colloids undergo shape-dependent interactions and body defor-
mations when immersed in such environments.

We use complex variables to analytically solve for interactions in
two-dimensional LCs. Allowing the study of body shape/orienta-
tion, body deformations, interaction dynamics, and much more.

Mathematical formulation

Active nematic LCs are described by a director field n(x,t) and
fluid velocity w(a,t), which satisfy the Ericksen—Leslie equations:
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K - Frank elastic constant ,
W - anchoring strength

« - activity strength

a - length scale

1t - solvent viscosity

lt; - anisotropic viscosities
~ - rotational viscosity
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In 2D, with v, i; < v and a*ya < pkK, the problem reduces to

V20 =0 and uV*) = a[(0re — 0y ) sin(20) — 20,, cos(26)] in D
006 W

K% = ESIH[Q(H_@] and Vi =0 on 0D

for u = (¢, —1,), n = (cosf,sinf), and tangent angle ¢.

Effective boundary (eff. bdy.) technique

Finding 0(x,y) is equivalent to finding a locally analytic f(z)
with 0(z,y) = —arg f'(2), z =z + iy, and

(\f5\2>8 + wIm [(fs)ﬂ —0 on 8D

For large anchoring strengths (w := aW/K > 1) one can instead
consider an effective domain D" subject to

Im f = const. + O(1/w?) on D"
where 0D" is 0D displaced by —¥/w — ts/w?.
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Elastic interactions

A cylinder in a static liquid crystal

For w > 1, the eff. bdy.
is a cylinder of radius

p(w) ~1—1/w+1/w?

The equations yield the
director field up to an
angle ~ that sets the posi-
tions of surface defects:
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The free energy can be computed using Cauchy's residue theorem:
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This is minimized when v =0 (the field is up—down symmetric).

Two triangles in a static liquid crystal

For w > 1, the eff. bdys.
are smaller triangles.

The equations can be
solved by conformally
mapping onto an annulus
and applying the

method of images.
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The net force acting on each body is given by the elastic traction:
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As d — oo, Cauchy's residue theorem vyields C =17.202...
® F, —iF, ~—iKC?/(nd®) ® F, —iF, ~—-KC?/(rd®)
@ F, —iF, ~iKC?/(rd?) ®F, —iF, ~ KC*/(nd®)

Read the papers & watch animations

Elastic vs. active tractions

Activity in the LC induces a flow. For small activity strengths,
the static LC solution yields an ODE for the streamfunction:
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A cylinder in an active

Potential solution for the unit cylinder

ap® - [([2]* = 1)% +2p*2°(1 — [2]* + 2log |2])

for 6(z) = —arg f'(2)

liguid crystal
yields the streamfunction
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The fluid velocity is
u — v = 20’ (2)
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The elastic LC and fluid flow each vyield a surface traction.

If extensile (a < 0), these tractions op

Elastic traction

hose each other:

Active traction

v-o°(0) U [pw(Vu+ Vu') + 2ann — pI|

Shapes of deformable bodies

lie in the balance
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